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In reply to the Comment by Heyde et al., we discuss the sensitivity of the results of relativistic mean field
~RMF! calculations on the shape of nuclei to the choice of input parameters in the Lagrangian of the s ,v ,r
model and to the pairing gap in the BCS theory.
PACS number~s!: 21.10.2k, 21.60.2n, 27.70.1q, 27.80.1wIn our previous papers @1,2# we discussed the change of
the shape of Pt, Hg, and Pb isotopes along each isotope chain
based on relativistic mean field ~RMF! calculations within
the nonlinear s ,v ,r model. We have assumed the NL1 pa-
rametrization, and treated the pairing interaction in the BCS
theory by approximating the gap parameters for neutrons and
protons with those given by the x2 fitting of the even-odd
mass difference of many nuclei in the wide range of the
nuclear chart @3#. We have thus shown that the ground state
of 180Hg is predicted to be superdeformed, and that some
neutron-deficient Pb isotopes are deformed in their ground
states. Our calculations predicted that the ground state of
some Hg isotopes are prolate. Heyde et al. @4# pointed out
that these results contradict experimental data and questioned
whether the theoretical predictions hold independently of the
input parameters such as the choice of the force parameters
in the relativistic Lagrangian and the choice of the pairing
gap. The aim of this reply is to answer some of the criticisms
raised by Heyde et al. @4#. In particular we carry out new
calculations to test the sensitivity of our results to the choice
of the interaction and the magnitude of the pairing gap.
We first clarify the situation about the position of the su-
perdeformed state. Our calculations in Ref. @1# predicted that
the ground state of 180Hg is superdeformed. In order to see
the dependence of this prediction on the input parameters,
Fig. 1 compares the binding energies per particle of Hg iso-
topes for different shapes calculated by assuming the NL1
set. The open circles are the binding energy per particle for
the oblate shape, i.e., the binding energy per particle for the
state which has the largest binding energy among all the
oblate shape configurations. Similarly, the solid circles are
that for the prolate shape with a normal deformation, while
the open triangles are that for the prolate shape with a large
deformation corresponding to a superdeformed configura-
tion. As in Ref. @1#, these three lines were obtained by as-
suming the average pairing gaps for neutrons and protons
given by the systematic analysis of the even-odd mass dif-
ference @3#. The solid triangles were calculated by reducing
the gap parameter for neutrons by a factor of two from that in
Ref. @3#.
The figure shows that the relative position of the superde-
formed state is very sensitive to the strength of the pairing
gap parameter. This resembles the situation in the nonrela-530556-2813/96/53~2!/1038~3!/$06.00tivisitic macroscopic-microscopic approach, where the posi-
tion of the superdeformed state strongly depends on the gap
parameter @5#. For example, the superdeformed state is pre-
dicted to be the ground state for 180Hg if the gap parameter
of Ref. @3# is used as it is, but becomes an excited state if it
is reduced by 50%. We found that even a change of the
pairing gap for neutrons of 10% significantly alters the rela-
tive positions among the oblate, the prolate with a normal
deformation, and the superdeformed configurations.
We repeated similar calculations by replacing the NL1 set
by the NL-SH set. In this case, it was found that the super-
deformed state is always located at the highest energy posi-
tion among the three configurations. These studies show that
the theoretical results concerning the shape of the ground
state and the relative position of the superdeformed state
strongly depend on both the choice of the input parameters in
the RMF Lagrangian and the strength of the pairing interac-
tion.
The second issue is the shape in the ground state of Hg
isotopes. As seen in Fig. 1, our calculations predict that the
ground state of 184Hg and 186Hg is prolate. Heyde et al.
point out that this contradicts a large body of experimental
FIG. 1. Binding energies per particle for Hg isotopes as func-
tions of mass number. The open circles, solid circles, and open
triangles are those for the oblate, prolate with a normal deformation,
and prolate with a superdeformation, respectively. The solid tri-
angles are those for the prolate shape with a superdeformation when
the pairing gap parameter for neutrons is reduced by 50%. The NL1
set was assumed.1038 © 1996 The American Physical Society
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ting of odd mass isotopes and isotope shift @6,7#, the prolate-
oblate energy difference @8#, the energy spectra of adjacent
odd mass nuclei, and the B(E2) values extracted from life
time measurements, all of which indicate that the ground
state of Hg isotopes is weakly oblate or nearly spherical.
From the theoretical side, a number of old calculations
@9–12# predicted that a shape transition from oblate towards
prolate shapes in the ground state might occur with decreas-
ing mass number. To the contrary, all the more recent calcu-
lations based on the use of the Strutinsky1BCS approach
@13–15# predict an oblate ground-state shape. The latter cal-
culations are consistent with the experimental data for the
neutron-deficient Hg nuclei.
In order to examine whether the results of RMF calcula-
tions depend on the choice of the parameter set, we repeated
the same calculations by replacing the NL1 set by NL-SH
set. For this parameter set, the isotopes with mass number
between 180 and 188 are prolate. The oblate and the prolate
configurations are almost degenerate for A5196, 192, 190,
178, 176, and 170. All the other nuclei between A5170 and
200 are oblate. We then repeated our calculations by chang-
ing the pairing gap parameter for neutrons by 10%. The
prolate state always stayed lower than the oblate state by
more than 1 MeV in this mass range. We also calculated the
shape of 184Hg by reducing the pairing gap as much as 50%
for both neutrons and protons simultaneously, and by ex-
panding the single-particle basis up to the N520 major shell.
These calculations introduced only a very small change in
the energy splitting between the prolate and oblate configu-
rations.
Figure 2 compares the experimental values of the charge
radius for Hg isotopes ~the solid triangles! @16# with those
calculated for the prolate ~the open circles! and the oblate
~the solid circles! configurations by assuming the NL-SH
parametrization and the pairing gap in Ref. @3#. The charge
radii for the ground-state configurations for different isotopes
are connected by a thick solid line. The theoretical prediction
has a large deviation from the data for those nuclei, for
which the RMF calculations predict a prolate deformation
for their ground states. A simlar irregular change of the
charge radius occurs in the calculations using NL1 set ~see
FIG. 2. The root mean square charge radii for the oblate and
prolate configurations of Hg isotopes as functions of mass number.
The value for the ground-state configuration for each isotope is
connected by a thick solid line. The NL-SH set has been used. The
solid triangles are data taken from Ref. @16#.Fig. 5 in Ref. @1#!. These figures indicate that the prolate
ground-state prediction of the present RMF calculations does
not describe the observed variation of the charge radius, and
that there remain serious problems to be settled in order to
apply the RMF calculations to describing nuclei far from the
stability line.
We made an extensive calculation also for Pb isotopes.
For 186Pb as an example, for which there are debates con-
cerning the shape and the magicity of Z582 @17–19#, we
found that the ordering between the prolate and the oblate
configurations is very sensitive to the input parameters in the
RMF Lagrangian as well as the choice of the pairing gap.
This is similar to the situation for Hg isotopes. The spherical
shape, however, always appears as an excited state as long as
the gap parameter is varied within 10% of the values in Ref.
@3#. In this connection, we wish to mention that Tajima et al.
have shown that all the Pb isotopes whose mass number is
larger than 186 are spherical if one assumes SKIII @20#,
while Girod et al. @21# have shown that some of the Pb iso-
topes are deformed in their ground state if one uses Gogny
force. The HFB calculations in Ref. @22# also suggest that
Z582 becomes a nonmagic number when the number of
neutrons is near 114.
We have calculated also the charge radius of Pb isotopes.
The results are shown in Fig. 3, where the mean square
charge radius calculated for the NL-SH set ~the solid circles!
and for the NL1 set ~the open circles! are compared with the
experimental data ~the solid triangles! @16#. Our RMF calcu-
lations predict that the deformation sets in for the isotopes
lighter than A5196. Though the RMF results fairly well re-
produce the experimental data for spherical isotopes, they
show a noticeable change at the isotope where a deformation
sets in as the neutron number decreases, while the experi-
mantal data show a monotonic dependence on the neutron
number. This again points out serious difficulties of RMF
calculations in reproducing the smooth behavior of the
charge radius which is consistent with an almost spherical
shape of the ground state for a much wider range of the mass
number.
Last but not least, we admit that we made mistakes in
Refs. @1,2# in quoting the binding energies of Pt, Hg, and Pb
isotopes from Ref. @23#. As Heyde et al. @4# correctly pointed
out, some numbers which we quoted in Refs. @1,2# as data
FIG. 3. Comparison of the mean square charge radii for Pb
isotopes calculated for the NL-SH and NL-1 sets in the RMF ap-
proximation with experimental data taken from Ref. @16#. The gap
parameters in Ref. @3# have been used for the neutrons and protons.
1040 53COMMENTSare not experimental data, but have been estimated from sys-
tematics.
In conclusion, though the RMF theory offers an attractive
framework, more careful optimization of the input param-
eters including the pairing interaction @24# is needed for it to
provide consistent results with the existing data for Hg and
Pb isotopes, and to be used to extrapolate to nuclei far from
the stability line. Also, calculations allowing a triaxial defor-
mation would be required for these transitional nuclei, where
the oblate and prolate configurations almost degenerate and
different shapes coexist.We will report details of our study in a separate paper.
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